Abstract We investigate the conditions under which the magnetohydrodynamic (MHD) modes in a cylindrical magnetic flux tube moving along its axis become unstable against the Kelvin-Helmholtz (KH) instability. We use the dispersion relations of MHD modes obtained from the linearized Hall MHD equations for cool (zero beta) plasma by assuming real wave numbers and complex angular wave frequencies/complex wave phase velocities. The dispersion equations are solved numerically at fixed input parameters and varying values of the ratio l Hall /a, where l Hall = c/ω pi (c being the speed of light, and ω pi the ion plasma frequency) and a is the flux tube radius. It is shown that the stability of the MHD modes depends upon four parameters: the density contrast between the flux tube and its environment, the ratio of external and internal magnetic fields, the ratio l Hall /a, and the value of the Alfvén Mach number defined as the ratio of the tube axial velocity to Alfvén speed inside the flux tube. It is found that at high density contrasts, for small values of l Hall /a, the kink (m = 1) mode can become unstable against KH instability at some critical Alfvén Mach number (or equivalently at critical flow speed), but a threshold l Hall /a can suppress the onset of the KH instability. At small density contrasts, however, the magnitude of l Hall /a does not affect noticeably the condition for instability occurrence-even though it can reduce the critical Alfvén Mach number. It is established that the sausage mode (m = 0) is not subject to the KH instability.
Introduction
, almost six decades ago, pointed out that for an adequate description of magnetohydrodynamic (MHD) waves and other anisotropic wave motions through a set of MHD equations it is necessary to take into account the term m i (j × B)/(eρ), in the generalized Ohm law. That approach is known as Hall magnetohydrodynamics (Hall MHD). Hall MHD allows one, for example, to describe waves with angular frequencies up to ion cyclotron frequency, ω ≈ ω ci . Since the model still neglects the electron inertia, it is limited to frequencies well below the lower hybrid frequency, ω ≪ ω lh . Physically the Hall term decouples ion and electron motion on ion inertial length scale, L < l Hall = c/ω pi (where c is the speed of light and ω pi is the ion plasma frequency). In this way, the theory of Hall MHD is relevant to plasma dynamics occurring on length scales shorter than l Hall , and time scales of the order of or shorter than the ion cyclotron period, t < ω −1 ci (Huba, 1995) . Accordingly, the Hall MHD should affect the dispersion characteristics of the various MHD waves (bulk waves, shocks, solitary waves, surface modes in spatially bounded structures like layers and cylindrical magnetic flux tubes) as well as the emergence and development of turbulence (Ghosh and Goldstein, 1997; Galtier et al., 2000; Galtier, 2006) or magnetic reconnection (Fitzpatrick, 2004; Birn et al., 2005) . The modified form of standard MHD waves, in incompressible limit, due to the Hall effect can be found in Sahraoui et al. (2007) . A review for the studies of propagation of waves in bounded MHD plasmas (in slab geometry) in the context of both the standard and the Hall MHD can be found in Zhelyazkov (2009) and references therein. A fluid model for partially ionized plasma with the Hall term has been built by Panday and Wardle (2008) and recently was used in studying the surface wave propagation in a partially ionized solar plasma slab (Panday, 2013) .
A Hall term changes not only the wave's propagating characteristics, but also various kinds of instabilities of space plasmas, and in particular the Kelvin-Helmholtz instability (KHI). As Chandrasekhar (1961) has established, this instability arises at the interface of two incompressible plasmas moving with different velocities embedded in a constant magnetic field if the thin velocity shear around the interface exceeds some critical value. The KHI in its nonlinear stage can develop a series of KH vortices. Nykyri and Otto (2004) examined the influence of the Hall term on KHI and reconnection inside KH vortices at the flank boundaries of the magnetosphere. It was numerically shown that the arising turbulence might become essentially important in the Earth's magnetospheric cusps. The influence of environmental parameters on mixing and reconnection caused by the KHI at the magnetopause was very recently explored by Leroy and Keppens (2017) . These authors studied the different configurations in a threedimensional Hall-MHD setting, where the double mid-latitude reconnection (DMLR) process is triggered by the equatorial roll-ups. The impact of various parameters on the growth rate of the KHI and thus the efficiency of the DMLR were also evaluated. According to Leroy and Keppens (2017) , the studied different configurations may have observable signatures that can be identified by space-borne diagnostics. We note that, in the case of weakly ionized plasmas, the exploration of KHI becomes more complex because weakly ionized plasmas contain both neutral and charged particle fluids with different physical characteristics. Interactions between the various species can introduce non-ideal effects. For example, Shadmehri and Downes (2008) studied the role of KHI arising at the interface between a partially ionized dusty outflow and the surrounding medium. They have established that the unstable modes are independent from the charge polarity of the dust particles. Ambipolar dissipation and the Hall effect are two non-ideal effects that can significantly influence the development of the KHI in a medium by changing the plasma dynamics and the evolution of the magnetic field. Jones and Downes (2011) have investigated the behavior of the instability in a Hall-dominated and an ambipolar diffusion dominated plasma with the use of suite of fully multifluid magnetohydrodynamic simulations of KHI using the hydra code. These authors found that, while the linear growth rates of the instability are unaffected by multifluid effects, its nonlinear behavior is essentially changed by the ambipolar diffusion which removes a large part of magnetic energy. On the other hand, a strong Hall effect introduces a dynamo effect which leads to continuing strong growth of the magnetic field into the nonlinear regime. The onset of KHI in dense and cool moving magnetic flux tubes surrounded by a hotter and lighter medium have been studied by Martínez-Gómez et al. (2015) on the base of two-fluid partially ionized plasma hydrodynamics. These authors have shown that the presence of a neutral component in a plasma may contribute to the onset of KHI even for sub-Alfvénic longitudinal shear flows. A fast-to-Alfvén mode conversion in a stratified atmosphere of cold plasma mediated by the Hall current have been explored by Cally and Khomenko (2015) . Their analysis is based on a one-fluid Hall MHD approximation, but under the assumption that the plasma is collisionally dominated. Thus, in that case, the inertia of neutrals affects the oscillations, notably the full mass density ρ appears in the Alfvén speed v A = B/ √ µρ, and not as usual the ion density. We note that their Hall parameter is defined as ω/ f ω ci , where f is the ionization fraction equal to m i n i /ρ, with m i and n i being the mean ion mass and total number density, respectively. The authors by assuming an ionization fraction f as low as 10
show that the Hall current can couple low-frequency Alfvén and fast magnetoacoustic waves via the aforementioned Hall parameter. The effect of the Hall term on the onset of the KHI in moving solar structures such as the solar wind was investigated in flat and cylindrical geometry in the incompressible plasma approximation (Zhelyazkov, 2009 (Zhelyazkov, , 2010 . It has been shown that in cylindrical geometry (Zhelyazkov, 2010 ) the kink (m = 1) mode, being unstable in the framework of the standard incompressible magnetohydrodynamics, becomes stable in the Hall MHD when the ratio l Hall /a possesses a value of 0.4. It turns out that the sausage mode (m = 0) is always stable in both incompressible magnetohydrodynamics. It is necessary to note, however, that the derivation of the wave dispersion relation in Zhelyazkov (2010) was not quite correctthe thermal/plasma pressure term in the momentum equation was neglected which is unacceptable in the incompressible standard or Hall MHD. Hence, the results of the numerical studies in that article need a reconsideration. Here, we present a rigorous derivation of the Hall MHD wave dispersion relation in the limit of zero beta (cool) plasma (being akin to, but not identical to that in Zhelyazkov, 2010) and an exploration of KHI for three density contrast values of the cool jet and its environment at a set of magnitudes for the l Hall /a parameter. A distinctive feature of our new derived dispersion equation is that it allows one to study not only the kink (m = 1) MHD mode, but also higher (m 2) modes, thus widening the region of wave's and jet's plasma parameters that control the onset or suppression of KHI in investigated media. Moreover, here we found that the onset of KHI crucially depends on the plasma density contrast-a relatively low density contrast can stimulate instability occurrence.
The organization of the paper is as follows: In the next section we give the magnetic field topology of a moving cylindrical flux tube modeling the solar wind alongside the basic governing equations and the Hall MHD normal mode dispersion relation. Section 3 deals with the numerical solutions to the wave dispersion relation and the discussion of obtained results. The last section summarizes the new findings and comments on future improvements of the Hall MHD studies of KHI in the solar wind. 
Geometry, basic equations, and dispersion relation
We model the solar wind as a moving in axial direction cylindrical magnetic flux tube of cool plasma and radius a, embedded in a constant magnetic field B 0 = (0, 0, B 0 ) (see Figure 1 ). In the cold-plasma approximation the two magnetic fields (inside and outside the flowing plasma) are identical. The flux tube velocity v 0 is homogeneous in radial direction and has only a z-component: v 0 = (0, 0, v 0 ). We note that v 0 is the tube relative velocity with respect to the environment because our frame of reference is attached in the surrounding magnetized plasma. We assume that plasma densities in both media, ρ i and ρ e , are homogeneous and the ratio η = ρ e /ρ i characterizes the density contrast. Excited MHD waves propagate along the flux tube, which implies a wavevector k = (0, 0, k z ).
Considering small perturbations from equilibrium in the form
where the subscript 0 denotes the equilibrium values of magnetic and velocity fields, while the subscript 1 denotes their perturbations. The plasma motion is described by the linearized ideal Hall MHD equations for cold plasmas under the consideration that the generalized Ohm law has the form
where e is the elementary electric charge, and m i is the ion mass. As is seen, the Hall term yields an additional term to the electric field, which modifies the standard form of the Faraday equation ∂B/∂t = −∇ × E. With current density j = µ −1 ∇ × B (assuming neglected displacement current), the set of linearized equations which govern the dynamics of aforementioned magnetic field and velocity perturbations in the cool-plasma approximation has the form
and the constraint
where µ is the magnetic permeability of free space; the other notation is standard. Recall that here the quantities with subscript zero refer to equilibrium values. To investigate the stability of the system, Equations (3)- (5) are Fourier transformed, assuming that all perturbations, in cylindrical coordinates, have the form
where g represents any quantities v 1 and B 1 ; ω is the angular wave frequency, m is the azimuthal mode number, and k z is the axial wavenumber. Equation (2), which defines the density perturbation, is not used below because we are studying the propagation and stability of Alfvén-wave like perturbations of the fluid velocity and magnetic field. Bearing in mind that for cold plasma in cylindrical coordinate system v 1 = (v 1r , v 1φ , 0) and
), if we use Equation (6) in Equations (3)- (5), we obtain the following set of equations for the components of the fluid velocity and magnetic field perturbations:
where p 1m = B 0 B 1z /µ is the magnetic pressure perturbation, Ω = ω−k z v 0 is the Doppler shifted frequency, ω ci = eB 0 /m i is the ion cyclotron frequency, and v A = B 0 / √ µρ 0 is the Alfvén speed. From Equations (7)- (10) we obtain the following two coupled equations for v 1r and v 1φ :
which allows us to express v 1r and v 1φ through the perturbation of the magnetic pressure p 1m and its first derivative with respect to r, that is,
Here, Z, ε, and C are dimensionless expressions that have the forms
By inserting the above expressions of v 1r and v 1φ into Equation (11), after some lengthy algebra one obtains
From Equation (8) we have m r
By expressing B 1φ via the perturbations v 1r and v 1φ , namely
and multiplying the above equation with Ω/ρ 0 , on using Equations (12) and (13), we obtain
Then Equation (14) takes the form
where
Equation (16) is the equation for the modified Bessel functions and its solutions in the two media are:
where the wave attenuation coefficients κ i,e are given by the expressions
With the above expressions for the magnetic pressure perturbation, the radial component (12) of the velocity perturbation has the following presentations in both media:
where the prime means differentiation of the Bessel function on its argument. Finally, by applying the boundary conditions for continuity of the ratio v 1r /Ω (aka the radial component ξ r of the Lagrangian displacement ξ ξ ξ) and the magnetic pressure perturbation p 1m at r = a, we obtain the dispersion relation of normal MHD modes propagating on a moving cool-plasma magnetic flux tube
When ε i = ε e = 0, one gets the well-known dispersion relation of the MHD normal modes propagating along a flowing cool plasma.
Numerical solutions and discussion
As a model of the moving magnetic flux tube of cool magnetized plasma (see Figure 1 ) we use the slow solar wind at a speed of 300 km s −1 over streamers, with electron number density n i = 2.5 × 10 6 m −3 , magnetic field B 0 = 7 × 10 −5 G, Alfvén speed v Ai = 96.5 km s −1 , and sound speed c si = 40.6 km s −1 (at electron temperature T e = 1.2 × 10 5 K). The ion cyclotron frequency is ω/2π = 106.4 mHz and accordingly the ion inertial length is l Hall = 144 km. In studying the propagation characteristics of Hall MHD waves and their stability, we consider three cases characterized by the density contrast η = ρ e /ρ i , equal correspondingly to 0.4, 0.8, and 2. We obtain these density contrasts by keeping the plasma density inside the tube n i constant and varying its value in the environment n e from 1.0 ×10 6 through 2.0 ×10 6 to 5.0 ×10 6 m −3 . We also assume that the sound speed outside the tube possesses the same value of 40.6 km s −1 . In all three cases the pressure balance equation (equality of the sum of thermal and magnetic pressures in both media) yields a ratio of external to internal magnetic field close to 1, which justifies our assumption to use one background magnetic field B 0 . We note also that the plasma betas are less (or much less) than one, thus allowing us to treat both media as cool plasmas.
Prior to beginning the numerical task of solving dispersion equation (19) in complex variables (assuming a complex angular wave frequency ω = Reω+iImω and a real axial wave number k z ) for given mode, say for m = 1, that is, the kink mode, it is instructive to explore how the wave dispersion curves and wave growth rates (when the studied mode is unstable) change by considering both media as compressible and cool standard MHD plasmas and cool Hall MHD plasmas, respectively. To this end, here we give the wellknown wave dispersion equation of the normal MHD modes of flowing compressible magnetized plasmas (Terra-Homem et al., 2003; Nakariakov, 2007; Zhelyazkov, 2012) :
where the squared wave attenuation coefficients in both media are given by the expression
which Ω ≡ ω in the environment, and the cusp frequency, ω c , is usually expressed via the so-called tube speed, c T , notably ω c = k z c T , where (Edwin and Roberts, 1983) 
We recall that for the kink mode (m = 1) one defines the so-called kink speed (Edwin and Roberts, 1983) ,
which, as seen, is independent of sound speeds and characterizes the propagation of transverse perturbations. We will show, that notably the kink mode can become unstable against the KH instability.
In the cold-plasma approximation, when the sound speed c s and cusp frequency ω c are equal to zero, the above dispersion equation (20) reduces to the form
where now the wave attenuation coefficients are given by
The numerical solving of Equations (20), (22), and (19) will be performed in dimensionless variables. Thus, we normalize all velocities with respect to the Alfvén speed inside the flux tube, v Ai , and the wavelength λ = 2π/k z with respect to the tube radius a, which implies that we shall look for solutions of the normalized complex wave phase velocity ω/k z v Ai as a function of the normalized wavenumber k z a and input parameters, whose number depends upon the form of the wave dispersion relation. When we explore Equation (20), along with the density contrast η, we should evaluate the reduced plasma betas,β i,e = c 2 i,e /v 2 Ai,e , magnetic field ratio, b = B e /B i , and Alfvén Mach number M A = v 0 /v Ai , which represents the flow velocity v 0 . We note that for normalization of the sound speeds one needs the parametersβ i,e , while b is used at the normalization of the Alfvén speed in the environment, v Ae . For cold plasmas we take b = 1.
At given sound and Alfvén speeds, alongside the input parameters η and b, one can make some predictions, namely to specify the nature of the mode (pure surface, pseudosurface/body, or leaky) (Cally, 1986) , the value of the kink speed (21) in a static flux tube, and the expected threshold/critical Alfvén Mach number at which KHI would start-the latter is determined by the inequality (Zaqarashvili et al., 2014) 
In the next subsection we present the results of the numerical task for the dispersion and growth rate curves of the kink (m = 1) mode in moving magnetic flux tubes with different values of the density contrast η.
Kink mode propagation characteristics at density contrasts 0.4, 0.8, and 2
At η = 0.4, the Alfvén speed outside the flux tube (computed from the pressure balance equation) is v Ae = 162 km s −1 , the magnetic field ratio b = 1.062, and plasma betas are β i = 0.213 and β e = 0.076, respectively. The ordering of sound and Alfvén speeds in the system is as follows:
According to Cally (1986) (see Table I there), in such a case the propagating kink mode must be a pseudosurface/body wave of B + + type. The kink speed, calculated from (21), is equal to ≈119 km s −1 ; thus its normalized value is c k /v Ai = 1.2327. The threshold Alfvén Mach number at which the KHI should occur is equal to 2.729. With input parameters: η = 0.4,β i = 0.1773,β e = 0.0629, b = 1.062, and various magnitudes of the Alfvén Mach number M A we obtain a set of dispersion curves (of both stable and unstable waves) and normalized growth rate curves shown in Figure 2 . We would like to note that the normalized kink-speed dispersion curve (not shown in Figure 2 ) appears exactly at the predicted value of 1.2327. This kink mode is really a pseudosurface wave in agreement with Cally's criterion. With including the flow, that curve splits into two curves (Zhelyazkov, 2012) which at small Alfvén Mach numbers M A go almost parallel, but for larger values of M A there shapes dramatically change. This is especially true in the region of normalized wave velocities where one expects a KHI onset (see, for instance, the curves for M A = 2.5 and 2.6)-according to the criterion (23) that should happen at M A > 2.729. Our computations show that the marginally dispersion and growth rate curves appear at M A = 2.7289 which is in excellent agreement with the predicted value.
It is curious to see what patterns of dispersion and growth rate curves one will obtain when using Equation (22) describing the wave propagation in a cool moving magnetic flux tube. With two input parameters, namely η = 0.4 and b = 1, one obtains the curves shown in Figure 3 . As seen, the patterns are similar (in a sense) with those shown in Starting at M A = 2.6 the pair of kink-speed dispersion curves merge forming a semi-closed curve, which becomes narrower with the increase in M A : the non-labeled purple curve is calculated at M A = 2.625, the green one at 2.63, the black semi-closed curve at 2.64, and the blue one at M A = 2.645. KHI arises at the threshold Alfvén Mach number M A = 2.64575, which is lower than the predicted one, but generally on the same order. In both cases (of compressible and cool plasma) the critical flow velocity at which the instability starts is 263 or 255 km s −1 , being lower than the assumed flow speed of 300 km s −1 . In other words, in both approximations the moving cool-plasma magnetic flux tube is unstable against the KHI. The similarity of wave dispersion and growth rate curves patterns shown in Figures 2 and 3 gives us reason to use the coolplasma approximation as a reliable one. The next logical step is to see how the Hall MHD will change the picture.
The normalization of the parameters ε i and ε e in Equation (19) requires the usage of the numerical parameter l Hall /a. Thus, in finding the solutions to Equation (19) in addition to input parameters η, b, and M A , we have to specify the value of that ratio l Hall /a. The algorithm in solving the Hall MHD dispersion relation is the following: for a fixed value of l Hall /a we have to find that threshold Alfvén Mach number at which It is easily seen that the small l Hall /a-values do not change notably both the dispersion and the growth rate curves compared with those obtained in the frame of the standard MHD (look at Figure 3) . For bigger values of the same parameter, one observes distinct increases in the normalized wave phase velocity and the corresponding dimensionless growth rate. Furthermore, at l Hall /a = 0.1 the KHI occurs at a threshold Alfvén Mach number equal to 3.12. This means that the critical flow velocity for the instability onset is v cr 0 301 km s −1 . If we assume that the tube radius is a = 1000 km, then with l Hall = 114 km the magnitude of l Hall /a = 0.114 is sufficient to suppress the KHI. In other words, under these circumstances the Hall term stabilizes the plasma flow.
With the increased value of the parameter η = 0.8, for compressible plasma the pressure balance equation yields v Ae 110 km s −1 and b = 1.021. In that case the reduced plasma betas areβ i = 0.1773 andβ e = 0.1361, respectively, while the normalized kink speed is equal to 1.0652, that is, c k 103 km s −1 . The ordering of sound and Alfvén speeds is the same as in the previous case of η = 0.4, which implies that the kink mode should be a pseudosurface/body wave of B + + type (Cally, 1986) . The threshold Alfvén Mach number for instability onset, according to inequality (23), has to be higher than 2.1437. The numerical solutions to the dispersion equation (20) yield dispersion and growth rate curve patterns similar to those shown in Figure 2 . The numerical code reproduces the normalized kink speed to its expected value within four places behind the decimal point, that is c k /v Ai = 1.0652. The numerically found threshold Alfvén Mach number equals 2.1437 which yields a critical flow velocity of 207 km s −1 , which means that in this standard MHD approximation of compressible plasma the kink mode (m = 1) is definitely unstable against KHI. In the same standard MHD, but in the cold approximation, the solutions to Equation (22) yield an even lower threshold M A = 2.12, that is, a flow speed of 204.6 km s −1 is sufficient for the triggering of KHI in the system. However, the big surprise comes with the solutions to the Hall MHD dispersion Equation (19)-the plots of marginal dispersion and growth rate curves of the unstable kink mode for an extended set of values of the parameter l Hall /a are presented in Figure 5 . , which is roughly 100 km s −1 lower than the assumed maximal slow-solar-wind speed of 300 km s −1 . A further increase in the parameter η by choosing it equal to 2, yields a completely different picture. First and foremost, in the compressible plasma approximation, the pressure balance equation gives a rather low value of v Ae = 60.5 km s −1 and consequently a b = 0.8872, which implies the propagation of sub-Alfvénic kink waves-the normalized kink speed is equal to 0.77183, which yields c k = 74.5 km s −1 . Moreover, now the ordering of sound and Alfvén speeds of the system has changed and that chain has the form
Such an ordering does not fit any of possible non-leaky modes listed in Table I in Cally, 1986 . Withβ i = 0.1773 andβ e = 0.4506, at M A = 0 (static plasma) the numerical solution to Equation (20) reproduces the normalized kink speed up to four places behind the decimal point, but what is more important, one finds that in this case the kink (m = 1) mode is a leaky wave (real m 0i and imaginary m 0e ). The dispersion curves' pattern is much more complicated than that of the previous two cases and the threshold Alfvén Mach number of 1.637314 found is very close to the predicted one (=1.637). Hence, a flow speed of 158 km s −1 ensures the triggering of the KHI in the system. In the coldplasma approximation, that threshold M A -value is a little bit higher (=1.732045), but still giving a relatively low flow speed of 167 km s −1 for the instability onset. The Hall MHD approach for the same set of values for the l Hall /a parameter as in the previous case of η = 0.8 yields more or less similar pattern of the growth rate curves (see the right panel in Figure 6 ), but different for wave dispersion curves. The latter have two specific issues: (i) all dispersion curves begin with a normalized phase velocity of ≈0.577, or equivalently with 55.7 km s −1 ; (ii) all dispersion curves, even those corresponding to relatively big l Hall /a-values like the kink-speed curve in a static compressible standard MHD magnetic flux tube describe sub-Alfvénic waves. Concerning the threshold M Avalue at a small l Hall /a-value (=0.0025), it is rather close to that in a moving cold-plasma magnetic flux tube-it is equal to 1.732036, which yields the same critical flow velocity of 167 km s −1 . Likewise, in the previous case of η = 0.8, the kink (m = 1) mode is unstable regardless of the value of the l Hall /a parameter.
Sausage mode propagation characteristics at a density contrast 0.4
The previous study of Zhelyazkov (2010) on Hall MHD modes in the solar wind explored in incompressible plasma approximations has established that in the standard MHD the sausage mode (m = 0) is always stable with respect to KHI. That conclusion has been drawn from the exact solutions to the corresponding dispersion equation, which has the form of a quadratic algebraic equation. The Hall term in the generalized Ohm law does not change that conclusion either. We ask ourselves whether the coolplasma approximation will change the situation? The answer to this question is negative. That can be seen in Figure 7 which presents the results of solving Equation (22) at η = 0.4 and b = 1 for two values of the Alfvén Mach number equal to 4.5 and 6, respectively. One obtains two types of dispersion curves, notably curves describing a stable wave propagation (the green and blue curves in Figure 7 ) and two other curves (the red and purple ones) which pass through/cross the green and blue ones. The two latter curves (red and purple) are, however, plotted from spurious real roots of the wave dispersion relation-they do not correspond to real unstable waves. The same applies for the spurious growth rate curves seen in the right panel of Figure 7 . These circumstances make us very cautious in the interpretation of numerical solutions of dispersion equations in complex variables. In fact, the only real dispersion curves are those which are associated with the Alfvén speed at given Alfvén Mach number. For example, the cyan curve in the left panel of Figure 7 is the lower of the pair of Alfvén-speed curves (at normalized phase velocities of 3.5 and 5.5) which are akin to the kink-speed curves discussed in Subsection 3.1 for η = 0.4. It turns out that the inclusion of the Hall term in the Faraday equation (4) does not change the above conclusion. 
Conclusion
In this paper, we have studied the propagation of normal modes on a moving magnetic flux tube in three different approximations (compressible and cold plasma in the standard MHD, and cool plasma in the Hall MHD) for three cases, corresponding to different values of the density contrast η = ρ e /ρ i , equal to 0.4, 0.8, and 2, respectively. The exploration of the wave dispersion equation for a flux tube of compressible plasma allows us to determine the nature of the propagating mode (be it pure surface, pseudosurface/body, or leaky wave) as well as to find the typical speed of the kink (m = 1) or sausage (m = 0) mode. In this approximation, one can also find the threshold Alfvén Mach number M A at which the kink (m = 1) mode become unstable against the KHI. The solutions found in the simpler approximation of a cold plasma yield dispersion and growth rate curves' patterns very similar to those obtained for compressible plasmas. This similarity allows us to use that limit of cool plasma in studying the normal mode propagation in the framework of the Hall MHD. The main findings in that direction can be summarized as follows:
The Hall term does not change the nature of stable studied modes-depending on the ordering of the sound and Alfvén speeds they can be pseudosurface/body or leaky waves. All unstable waves possess complex attenuation coefficients which circumstance implies that they are neither pseudosurface nor leaky waves-such unstable modes can be classified as generalized surface waves.
The influence of the Hall term on the development of the KHI in spatially bounded flowing structures can be characterized by the parameter l Hall /a, where a is a scale parameter, equal to the tube radius in the cases of moving cylindrical flux tubes. For a relatively high density contrast (for instance, at η = 0.4) the kink (m = 1) mode at small l Hall /a-values can be unstable against the KHI, but a large enough l Hall /a-value can suppress the instability. As an illustration, we showed that this can happen for a moving cool-plasma magnetic flux tube with Alfvén speed of 96.5 km s −1 , which is KH unstable for all l Hall /a < 0.1 but becomes stable for l Hall /a-values larger than 0.1. This situation dramatically changes when the density contrast becomes lower, say, η = 0.8 or 2. In both cases the Hall term does not influence the development of KHI irrespective of the l Hall /a-value. Moreover, a high enough l Hall /a may diminish the magnitude of the threshold Alfvén Mach number M A and consequently the corresponding critical flow velocity.
While for η = 0.4 or 0.8 all kink waves, stable or unstable, are super-Alfvénic waves, at η = 2 they become sub-Alfvénic waves, whose instability status as we already said, is not influenced noticeably by the Hall term. Even it can facilitate the KHI onset.
The sausage (m = 0) mode is not subject to the KHI in all approximations discussed above.
No doubt that a more realistic model of the solar wind would be a β ∼ 1 magnetized flowing plasma. In that case, the medium can be treated as a nearly incompressible fluid (Zank and Matthaeus, 1993 )-thus, the building of a correct model in that approximation with taking into account the role of the Hall term will help us to better understand the complex wave phenomena in the solar wind. The wave dispersion relation derived for flowing incompressible Hall MHD plasmas should contains the new feature of our finding that in cylindrical geometry one should expect the excitation of MHD modes with arbitrary azimuthal mode number m and it is curious to see which mode is the most unstable against the KHI. The Kelvin-Helmhotz instability is an important instability because it can trigger the wave turbulence which along with the micro/nano magnetic reconnection, yielding microflares/nanoflares, is considered as one of the main heating mechanisms of the solar corona.
